A point on a planar region is said to be equichordal if all chords through the point have the same length. We briefly present a method with which we can show the existence of a planar region with two equichordal points.
Introduction
Definition 1 A chord of a planar region is a straight line that connects two points on the boundary of the planar region.
Definition 2 A point on a planar region is said to be equichordal if all chords through the point have the same length. In addition, a chord that passes through an equichordal point is said to be an equichord.
The equichordal point problem (EPP) is the following: can a planar region have two equichordal points? Rychlik claimed to have resolved EPP, answering the question in the negative [1] . However, this note presents a method for showing the existence of a planar region with two equichordal points. The boundaries of the obtained planar regions are indeed continuous, although we use the notion of indefinitely performing certain steps whose validity might be questionable. Nevertheless, for example, unlike the conditions in the problem of trisecting a certain angle with a straightedge and a compass, the conditions in EPP do not require us to construct a planar region with two equichordal points in a finite amount of time. Hence, it may be worthwhile to present the method here.
The reader is encouraged to follow the argument below using a piece of paper, a pencil, and a ruler, to get its big picture as accurately as possible.
We need the following theorem from calculus.
. If U is an upper bound for a nondecreasing sequence {a n }, then the sequence converges to a limit A that is less than or equal to U . Similarly, if L is a lower bound for a nonincreasing sequence {b n }, then the sequence {b n } converges to a limit B that is greater than or equal to L.
The Method
Let |ab| denote the distance between two points a and b. We denote the acute angle between a segment ab (b on the x-axis) and the x-axis by abX. STEP 1. Put a rectangle ACDB on R 2 with its center at the origin and
where AB and CD are parallel to the x-axis. Let E and F be the midpoints of AC and BD, respectively, and
where y is a constant. For the executability of the next step, we require that
|AC| could be any length; |AC| = 4 and |AB| = 1 (centimeters) are one suggestion when following the argument using a piece of paper, a pencil, and a ruler. STEP 2. Find a point G 1 in the third quadrant of R 2 so that we can draw the straight line BG 1 such that E is on BG 1 and
STEP 3. Denote by r E (θ) the distance between E and some point in the polar coordinate system whose pole is E, and by r E→AB (θ) the distance between E and a point on AB at θ ∈ [ BEX,
Graph the values of r E (θ + π) in the polar coordinate system whose pole is E. It is plain that since the segment AB is continuous, so is the graph of
It defines a continuous curve between G 1 and C. STEP 4. Find a point H 1 in the first quadrant of R 2 so that we can draw the straight line G 1 H 1 such that F is on G 1 H 1 and
STEP 5. Denote by r F (θ) the distance between F and some point in the polar coordinate system whose pole is F , and by r F →G1D (θ + π) the distance between F and a point on the curve
Graph the values of r F (θ) in the polar coordinate system whose pole is F . It is plain that since the curve G 1 D is continuous, so is the graph of r F (θ) (θ ∈ [ H 1 F X, 
(a) finding new points G i+1 in STEP 2 and H i+1 in STEP 4; (b) replacing r E→BH1 (θ) with r E→HiHi−1 (θ) in STEP 3; (c) replacing r F →GiGi−1 (θ + π) with r F →Gi+1Gi (θ + π) in STEP 5;
3 The Continuity of the Boundaries at θ = 0 and θ = π
We shall geometrically show that r E (θ) and r F (θ) are continuous at 0 and π. For convenience, interpret the method as rotating isosceles triangle
It is evident that for each i,
Suppose that r E (θ) and r F (θ) are discontinuous at 0. Since by the property of the method, H i of the segment H i F strictly approaches to the x-axis as i increases, the discontinuity at 0 implies that there exists a straight line K with an angle between itself and the x-axis, denoted with θ K , greater than 0, than which no segment H i F is located lower. (A similar argument can be made about H i E; we focus only on H i F .)
We first show the following.
Theorem 2
The line K with the property stated above can not exist.
By the definition of K, the angle
With this information and (1), we see that as i → ∞, the isosceles triangle H i G i+1 H i+1 tends to be a line with a bending point at F . This is a contradiction to the fact that G i+1 H i+1 and G i+1 H i are always straight lines. This completes the proof of the theorem. In a similar manner, it can be shown that such a line analogous to K with respect to G i F can not exist in the third quadrant of the polar coordinate system whose pole is F .
Next, for r E (θ) and r F (θ) to be continuous at 0 and π, and for E and F to be equichordal, the following theorem is required.
and
Form right triangles H i L i F and G i M i F , where L i and M i are on BD. By Theorem 2, letting i → ∞ for |H i F | and |G i F | is equivalent to letting θ → 0, π for r F (θ). Hence, it is plain that (4) as i → ∞. But by the property of the method, 
for all i. This, with Theorem 1, in turn implies that there exist limits α and β, such that lim
Combining (4), (5), and (6), we have (2). The equations (3) can be shown similarly, by forming right triangles H i N i E and G i P i E, where N i and P i are on AC. This completes the proof of the theorem.
We note that the proof of Theorem 3 suggests that r F (0) and r F (π) can exist; although letting i → ∞ in the method described above is an argument of limit, since our objective is to show the existence of a planar region with a continuous boundary, putting in particular 0 and π into the domain of r F (θ) is not harmful. Now, r E (θ) and r F (θ) are defined over [0, 
and r F (θ) + r F (θ + π) = y.
By symmetry with respect to the x-axis, we can obtain r E (θ) and r F (θ) over [ , 2π] satisfying (7) and (8). Combining, it follows that r E (θ) and r F (θ) are continuous at 0 and π, and we obtain a planar region whose equichordal points are E and F and whose equichord has the length y.
